Landau's phenomenological theory of Fermi liquids is a fundamental paradigm in many-body physics that has been remarkably successful in explaining the properties of a wide range of interacting fermion systems, such as liquid helium-3, nuclear matter, and electrons in metals. The d-dimensional boundaries of (d + 1)-dimensional topological phases of matter such as quantum Hall systems and topological insulators provide new types of many-fermion systems that are topologically distinct from conventional d-dimensional many-fermion systems. We construct a phenomenological Landau theory for the two-dimensional helical Fermi liquid found on the surface of a three-dimensional timereversal invariant topological insulator. In the presence of rotation symmetry, interactions between quasiparticles are described by ten independent Landau parameters per angular momentum channel, by contrast with the two (symmetric and antisymmetric) Landau parameters for a conventional spin-degenerate Fermi liquid. We then project quasiparticle states onto the Fermi surface and obtain an effectively spinless, projected Landau theory with a single projected Landau parameter per angular momentum channel that captures the spin-momentum locking or nontrivial Berry phase of the Fermi surface. As a result of this nontrivial Berry phase, projection to the Fermi surface can increase or lower the angular momentum of the quasiparticle interactions. We derive equilibrium properties, criteria for Fermi surface instabilities, and collective mode dispersions in terms of the projected Landau parameters. We briefly discuss experimental means of measuring projected Landau parameters. The Landau theory of Fermi liquids (FL) [1], or FL theory for short, is the cornerstone of our understanding of weakly correlated, gapless Fermi systems at low temperatures, such as 3 He atoms in the normal liquid state and itinerant electrons in metals. FL theory explains the puzzling observation that despite strong interactions between the constituent fermions, many Fermi systems behave essentially as free Fermi gases, except for the renormalization of their physical properties which is captured by dimensionless quantities known as Landau parameters. These Landau parameters describe how the elementary excitations of the FL-the quasiparticles and quasiholes-interact with one another.
The Landau theory of Fermi liquids (FL) [1] , or FL theory for short, is the cornerstone of our understanding of weakly correlated, gapless Fermi systems at low temperatures, such as 3 He atoms in the normal liquid state and itinerant electrons in metals. FL theory explains the puzzling observation that despite strong interactions between the constituent fermions, many Fermi systems behave essentially as free Fermi gases, except for the renormalization of their physical properties which is captured by dimensionless quantities known as Landau parameters. These Landau parameters describe how the elementary excitations of the FL-the quasiparticles and quasiholes-interact with one another.
Topological insulators [2] provide new types of gapless Fermi systems: topological surface/edge states. In the absence of interparticle interactions, electrons propagating on the edge of a two-dimensional (2D) topological insulator [3] form a 1D helical Fermi gas [4] . In the presence of interactions, the 1D helical Fermi gas becomes a 1D helical Luttinger liquid [5] with no sharply defined Fermi points. In 3D topological insulators, surface electrons form a 2D helical Fermi gas [6] , which is expected to evolve adiabatically into a 2D helical FL in the presence of electron-electron interactions. This paper presents a FL theory for the interacting 2D surface states of the 3D topological insulator. To our knowledge, such a helical FL theory has been missing in the literature despite the recent surge of interest in the effects of electron-electron interactions in topological insulators [7] . In the spirit of standard FL theory [1] , we focus on systems with a discrete time-reversal symmetry, the protecting symmetry of topological insulators, as well as continuous translation and spatial rotation symmetries. We further consider the simplest case of a single surface Fermi surface-denoted simply as the Fermi surface in the following-which by rotation symmetry must be circular. This does not apply to certain topological insulators whose Fermi surface is strongly anisotropic, such as Bi 2 Te 3 with 0.67% Sn doping [8] where there are large hexagonal warping effects due to the rhombohedral crystal structure of the bulk material [9] . However, in several other topological insulators such as Bi 2 Se 3 [10] , Bi 2 Te 2 Se [11] , Sb x Bi 2−x Se 2 Te [11] , Bi 1.5 Sb 0.5 Te 1.7 Se 1.3 [12] , Tl 1−x Bi 1+x Se 2−δ [13] , strained α-Sn on InSb(001) [14] , and strained HgTe [15] , the Fermi surface as observed in angle-resolved photoemission spectroscopy (ARPES) is very nearly circular. However, due to spin-momentum locking in the topological surface states [6] -a consequence of strong spin-orbit coupling, rotation symmetry in a helical FL must necessarily involve spin degrees of freedom, which leads to a theory rather different from that of the conventional spin-degenerate FL. Moreover, the existence of a single nondegenerate Fermi surface-a consequence of the topological character of the bulk-eventually leads, via the application of the general principles of FL theory, to an effectively spinless FL theory. The physical properties of the resulting helical FL are nevertheless distinct from those of a truly spinless FL, due to a nontrivial mapping between physical, spinful quasiparticles, and the effective, spinless quasiparticles. For the same reason, our helical FL theory is also qualitatively different from recently constructed FL theories of non-topological spinorbit coupled systems such as the Rashba 2D electron gas [16] and 3D spin-orbit coupled metals [17] , which are characterized by two (spin-split) Fermi surfaces.
FL theory views the many-fermion system as a gas of elementary excitations above the ground state, the quasiparticles. Because translation symmetry is assumed, the momentum p = (p x , p y ) of the quasiparticles is welldefined and a configuration of quasiparticles is specified by a distribution function n p . In a conventional FL, spin is conserved and the distribution function is diagonal in spin space n pσ = c † pσ c pσ , where c † pσ (c pσ ) is a creation (annihilation) operator for a fermion with momentum p and spin σ =↑, ↓, but in systems with spin-orbit coupling such as the helical FL the distribution function is generally a matrix in spin space, n αβ p = c † pα c pβ [17] . The central quantity in FL theory is the energy δE of the gas of interacting quasiparticles relative to the groundstate energy, expressed as a functional of the deviation δn 
where (working in units such that = 1)
is the single-particle Dirac Hamiltonian of the topological surface state [2] with v F the Fermi velocity [18] , V αβ;γδ (p,p ′ ) is a reduced two-body interaction that depends only on the unit vectorp ≡ p/|p| parameterizing the Fermi surface, and we denote the integration measure by đp ≡
The form of Eq. (1) can be obtained from a generic, translationally invariant interaction V αβ;γδ (k, k ′ , q) by requiring that all fermionic momenta lie on the Fermi surface [19] .
Our first goal is to derive the most general form of the two-body interaction V αβ;γδ (p,p ′ ) consistent with the general principles of quantum mechanics and the symmetries of the problem. This goal is most easily achieved by expanding the two-body interaction as
wherep = (cos θ p , sin θ p ), l, l ′ are angular momentum quantum numbers, and the set of four 2 × 2 Hermitian matrices σ µ = (1, σ) where 1 denotes the identity matrix allows us to construct the quasiparticle charge δρ p and spin δs i p densities (i = x, y, z),
Upon substituting Eq. (3) 
. Time-reversal symmetry implies that the angular momenta l and l ′ must differ by an even integer for chargecharge and spin-spin interactions and by an odd integer for spin-charge interactions [19] .
The main difference between a conventional FL and a spin-orbit coupled FL such as the helical FL lies in the consequences of rotation symmetry. The single-particle Hamiltonian (2) is neither invariant under a spatial rotation nor under a spin rotation, but is invariant under a simultaneous rotation of spatial and spin coordinates:
z is the total (orbital plus spin) angular momentum in the z direction. Requiring that the interaction term in Eq. (1) be also invariant under such rotations, we find that it can be written as the sum of three terms δV cc , δV sc , and δV ss , where [19] 
is the charge-charge interaction,
is the spin-charge interaction, and are anisotropic spin-spin interactions similar to those found in compass models [20] , but with a continuous rather than discrete spin-orbit rotation symmetry.
While Eq. (5)- (7) in conjunction with Eq. (1) correctly describe the helical FL, in the spirit of FL theory one can go one step further and only retain electron states on the Fermi surface. Because of the strong spin-orbit coupling present in the Dirac Hamiltonian (2), such electrons are annihilated by the operator
, where positive (+) helicity corresponds to a positive Fermi energy ǫ F > 0 above the Dirac point, and negative (−) helicity corresponds to a negative Fermi energy ǫ F < 0. Inverting this relation, one can express the spin eigenoperators c pσ in terms of the helicity eigenoperators ψ p± as c p↑ =
(ψ p+ − ψ p− ). Choosing ǫ F > 0 for definiteness, the Fermi surface consists exclusively of electron states of positive helicity, such that one may wish to drop the negative helicity eigenoperators ψ p− entirely from these expressions for c p↑ and c p↓ . Applying this procedure to Eq. (1) yields a Landau functional for an effectively spinless FL theory,
where
is the distribution function for these quasiparticles, and f l are effectively spinless, projected Landau parameters related to the ten unprojected Landau parameters previously discussed bȳ
for l = 0, 1, 2, . . ., with the definition f ss,1 (7), are the second main result of this work.
Before deriving the physical properties of the helical FL from the projected Landau functional (8), we pause to discuss a number of interesting features of the relationship (9) between projected and unprojected Landau parameters. The unprojected Landau parameters f does not enter either because it produces a projected interaction that is odd under p ↔ p ′ , which is inconsistent with particle indistinguishability. The last term on the right-hand side of Eq. (9) shows that projection to the Fermi surface can effectively raise or lower the angular momentum of the unprojected interaction. For example, for l = 1 one has
that is, an isotropic, s-wave (l = 0) microscopic interaction can produce an anisotropic, p-wave (l = 1) effective interaction in the projected theory. This can be seen as the particle-hole counterpart to the effective p-wave interaction in the Bardeen-Cooper-Schrieffer (BCS) channel produced on the doped surface of a 3D topological insulator by a microscopic s-wave BCS interaction [21] . As in standard FL theory, many physical properties of the helical FL can be derived from the projected Landau functional (8) . The simplest property is Luttinger's theorem [22] , i.e., the relation p F = √ 4πn between Fermi momentum p F and total density n of quasiparticles, which is also equal to the total density of electrons (defining a system with p F = 0 as the vacuum). That Luttinger's theorem holds in its original form despite the presence of strong spin-orbit coupling is a consequence of the existence of a single helical Fermi surface, which is only possible on the surface of a 3D topological phase. Interactions in topologically trivial spin-orbit coupled systems such as the Rashba 2D electron gas can individually renormalize the Fermi momenta of the two spin-split Fermi surfaces [16] . Other equililibrium properties of the helical FL can be calculated from the quasiparticle energy ǫ p , defined as the functional derivative of the Landau functional with respect to the distribution function,
From Eq. (12) one can follow the standard FL approach [19] to derive the electronic specific heat coefficient γ ≡ c v /T and electronic compressibility κ of the helical FL at zero temperature,
where we define dimensionless Landau
2 F the density of states of the helical FL at the Fermi energy ǫ F = v F p F . The compressibility becomes negative forF 0 < −1, signaling an instability towards phase separation [23] . Unlike in a standard FL, here this condition can be reached not only for attractive densitydensity interactions, but also as a result of spin-charge or even purely spin-spin interactions, given the relation (9) between the projected and unprojected Landau parameters.
The renormalized Fermi velocity v F differs in general from the Fermi velocity of noninteracting electrons v 0 F . This is similar in spirit to the renormalization of the quasiparticle mass in a standard FL. The derivation of the latter relies on Galilean invariance, while in the helical FL, Galilean invariance is broken by spinorbit coupling. However, adiabatic continuity still implies that the total flux of quasiparticles is equal to the total flux of electrons [1] . The latter is calculated from the quantum-mechanical velocity operator for electrons v e = v 0 F (ẑ × σ) which, for momentum-independent microscopic interactions [24] , is the same as in the absence of interactions [25] : it is a function of the noninteracting Fermi velocity, rather than the renormalized one. The total quasiparticle flux is a function of the quasiparticle velocity v qp = ∇ p ǫ p . Equating the two fluxes yields a relation between the two Fermi velocities [19] ,
which is the helical FL analog of the relation
between renormalized m * and noninteracting m quasiparticle masses in a standard FL [1] .
The spin susceptibility introduces some added subtleties: unlike in a standard FL, it is not, strictly speaking, a Fermi surface property. Indeed, it depends explicitly on a high-energy cutoff Λ already in the noninteracting limit [26, 27] . In a standard FL, one can always choose the spin quantization axis to be parallel to the applied magnetic field B, such that the quasiparticle energy shift δǫ pσ = 1 2 gµ B Bσ due to Zeeman coupling (g is the g-factor, µ B is the Bohr magneton) is diagonal in the spin basis σ = ±1. The resulting change in occupation numbers is localized to the Fermi surface in the zero-field limit, causing the spin susceptibility to be a Fermi surface property. In the helical FL, there is no freedom to choose the spin quantization axis due to spin-momentum locking, and the Zeeman coupling contains off-diagonal terms in the helicity basis. The projected FL theory (8) , which projects out negative helicity states, cannot take these off-diagonal terms into account and thus should not be expected to yield exact results for the spin susceptibility. Nevertheless, one can calculate the Fermi surface contribution to the spin susceptibility using (8) and compare it in the noninteracting limit to an exact calculation that takes both helicities into account. The spin susceptibility tensor χ ij is found to be diagonal, with in-plane χ xx = χ yy and out-of-plane χ zz components given by
in the projected FL theory, and
for the noninteracting Dirac surface state, including both helicities [19] . Thus in the noninteracting limit, Eq. (15) and (16) agree in the formal limit of large Fermi energy ǫ F → Λ. By contrast with the spin susceptibility of the standard FL which is renormalized by the spinantisymmetric l = 0 Landau parameter F a 0 , here it is renormalized by a l = 1 Landau parameter due to spinmomentum locking on the Fermi surface.
Pomeranchuk instabilities [28] are instabilities of the Fermi surface towards spontaneous, static distortions of its shape. To study such instabilities in the helical FL, one characterizes distortions of the Fermi surface by an angle-dependent Fermi momentum, expanded in angular momentum components,
is real. Substituting this expression into the Landau functional (8) , one finds that the energy δĒ remains positive, and thus the helical FL stable, if and only if [19] 
for all l = 0, 1, 2, . . . This is the same as Pomeranchuk's original criterion in 2D, but applied this time to the projected Landau parameters, which are nontrivial functions of the unprojected ones. It contains as special cases the instability towards phase separation, already seen, as well as an instability towards in-plane magnetic order [29] for
that is signaled by divergences of the in-plane spin susceptibility (15) and the renormalized Fermi velocity (14) . The latter divergence also accompanies the l = 1 spin-symmetric Pomeranchuk instability of the standard FL [30] . The l = 2 instability is towards quadrupolar distortions of the helical Fermi surface, characterized in the projected FL theory by a nonzero value of the traceless, symmetric nematic order parameterQ ij = đpQ ij (p)
This effectively spinless order parameter is identical to the one that describes nematic order in a standard spin-degenerate FL [31] . In the original unprojected theory however, this translates into a nonzero value of Q ij = đp Q ij (p) where
is a quadrupolar order parameter involving both spatial and spin degrees of freedom that was recently discussed in the context of possible instabilities of surface Majorana fermions in the topological superfluid 3 He-B [32] and 3D spin-orbit coupled metals [17, 33] . Thus the quadrupolar distortion of a helical Fermi surface is necessarily accompanied by a time-reversal invariant form of magnetic order similar in spirit to spin nematic order [34] .
Nonequilibrium properties of the helical FL such as collective modes can also be studied using the projected FL theory, assuming that the relaxation-time approximation is valid such that scattering between states of different helicities can be neglected. In the hydrodynamic regime ωτ ≪ 1 where τ is the quasiparticle collision time, the helical FL supports ordinary sound waves (first sound) with velocity [19] 
while in the collisionless regime ωτ ≫ 1 a zero sound mode may exist under certain conditions [25] . IfF 0 > 0 only is nonzero, the zero sound velocity is given in the limits of strong and weak interactions by [19] 
We conclude by discussing prospects for the experimental determination of the projected Landau parametersF l . ARPES can determine p F which, via Luttinger's theorem, yields the density n. Using Eq. (13),F 0 could then be inferred from measurements of the heat capacity and electronic compressibility of the surface states. The latter can in principle be determined directly from the ARPES data or via single electron transistor microscopy [35] . To determineF 1 , one could perform a transient spin grating experiment [25] to generate a spindensity wave with momentum q and transverse amplitude s T q . Due to spin-momentum locking, this will induce a density wave at the same momentum with amplitude n q . The existence of an undamped sound mode at frequency ω = c s q implies a relation between the two amplitudes [19] ,
where c s is either c 1 or c 0 depending on whether one is in the hydrodynamic or collisionless regime. Using Eq. (20)- (22) one can extractF 1 from a measurement of the amplitude ratio s T q /n q and previous knowledge ofF 0 .
This supplemental material provides a detailed derivation of the results presented in the main text. In Sec. SI, we justify the form of the quasiparticle interaction term used in Eq. (1) of the main text. In Sec. SII and Sec. SIII, we constrain the form of the interaction term by symmetries and derive Eq. (5)- (9) of the main text. In Sec. SIV, we use the projected Landau functional to derive the equilibrium properties of the helical Fermi liquid, i.e., Eq. (13)- (15), (18) , and (19) of the main text. In Sec. SV we study the spin susceptibility of the noninteracting Dirac cone and derive Eq. (16) of the main text. Finally, in Sec. SVI we study the collective modes (sound modes) of the helical Fermi liquid and derive Eq. (20)- (23) of the main text.
SI. REDUCED TWO-BODY INTERACTION
In this section we derive the reduced two-body interaction [Eq. (1) in the main text] from a generic, translationally invariant two-body interaction. In this supplemental material we use the language of second-quantized interaction Hamiltonians, but the same reasoning applies to the interaction term in the Landau functional. A generic translationally invariant interaction is given by
In Fermi liquid theory, one considers the low-temperature limit where all fermionic momenta must lie on the Fermi surface, 1 which implies that there are only three possible interaction channels: forward scattering with q = 0, exchange scattering with q = p ′ − p, and the Bardeen-Cooper-Schrieffer (BCS) channel with p ′ = −p but q otherwise arbitrary. Since we are not interested in pairing and superconductivity in the present work, we forget about the BCS channel. Therefore at low energies we can simplify the interaction to include only forward and exchange scattering,
where we have ignored one-body terms. One can show from Eq. (S1) that Fermi statistics implies
which upon setting q = 0 yields V αβ;γδ (p, p
e., the forward scattering and exchange scattering contributions are related. Substituting this into Eq. (S2), we find that the two contributions are in fact equal and simply add,
where the factor of two has been absorbed in a reduced interaction V αβ;γδ (p, p ′ ) that only depends on two momenta p and p ′ . Finally, since in Fermi liquid theory we focus on momenta near the Fermi surface, we can neglect the dependence of V αβ;γδ (p, p ′ ) on the magnitudes |p| and |p ′ |. One thus sets the interaction equal to its value on the (circular) Fermi surface,
where 
SII. CONSTRAINING THE INTERACTION BY SYMMETRIES
This section explains how to work out the most generic form of V αβ;γδ (p,p ′ ) consistent with the symmetries of the problem.
Even before considering symmetries, particle indistinguishability (i.e., fermionic or bosonic statistics) gives us
and Hermiticity of V gives us
For eachp,p ′ , V αβ;γδ (p,p ′ ) forms a 4 × 4 matrix in spin indices. A natural basis on which we can expand this matrix is given by the tensor product of two sets of Pauli matrices σ µ = (1, σ), µ = 0, 1, 2, 3 where 1 denotes the 2 × 2 identity matrix. We can write
such that in virtue of Eq. (S5), V 00 corresponds to charge-charge interactions, V IJ to spin-spin interactions, and V 0I , V I0 to spin-charge interactions. We will use uppercase indices I, J for all three components x, y, z of spin and lowercase indices i, j for the in-plane components x, y. In this new basis, particle indistinguishability requires
e., the matrix V µν is real. Since the charge density and spin density are even and odd under time reversal, respectively, time-reversal symmetry requires
for charge-charge and spin-spin interactions, and
for spin-charge interactions. Note that V 0I (p,p ′ ) = V I0 (p ′ ,p) from particle indistinguishability. The interaction V µν (p,p ′ ) can be expanded in angular momentum components, 
In other words, l + l ′ must be even for these coefficients to be nonzero, which is the same as saying that l and l ′ must have the same parity. Therefore l ′ = l + 2m, m ∈ Z, and we can write
For spin-charge interactions, time-reversal symmetry implies
thus for these coefficients to be nonzero l + l ′ must be odd, which is equivalent to saying that l and l ′ must have opposite parity. Therefore l ′ = l + 2m + 1, m ∈ Z, and we have
We now turn to implementing SO(2) rotation symmetry, which is more subtle. From Eq. (S5) and (S8) we can write
are the charge-charge, spin-charge, and spin-spin interactions, respectively. Using Eq. (S11) and the constraints from time-reversal symmetry (S13) and (S15), we have
To implement SO(2) symmetry, we note that the annihilation operator transforms as
where R(ϕ) on the left-hand side is the rotation operator, and R ϕ on the right-hand side is the usual 2 × 2 rotation matrix
This implies that the charge and spin densities transform as
We require that R(ϕ)V R(ϕ) −1 = V . From Eq. (S26) it is clear that the charge-charge, spin-charge, and spin-spin interaction terms in Eq. (S21), (S22), and (S23) will transform into themselves under SO(2) rotations, and we can look at each term in turn.
S1. Charge-charge interaction
For the charge-charge interaction, requiring R(ϕ)V cc R(ϕ)
for arbitrary ϕ, which implies the constraint l = −m. We therefore obtain
where θ pp ′ ≡ θ p ′ − θ p is the angle between p and p ′ . The charge-charge interaction matrix element V 00 (p,p ′ ) can only depend on this relative angle, i.e.,
In fact, because of particle indistinguishability this matrix element is symmetric underp ↔p ′ and therefore depends only on the cosine of θ pp ′ ,
Therefore the charge-charge interaction is
where the V −m,m 00
, m = 0, 1, 2, . . . are real coefficients.
S2. Spin-charge interaction
For the spin-charge interaction, it is convenient to first separate the x, y components of spin from the z component, as they have different transformation properties under rotations,
For the 0z component of the interaction, this implies V
for arbitrary ϕ, which would require 2(l+m)+1 = 0. This is impossible since l, m are integers, hence V l,l+2m+1 0z = 0. For the 0x and 0y components, we have
which is equivalent to
In other words, V l,l+2m+1 0i must be an eigenvector of the rotation matrix R ϕ with eigenvalue e i[2(l+m)+1]ϕ . The eigenvalues and eigenvectors of the rotation matrix (S25) are given by
respectively. For the eigenvalue e iϕ , this implies that 2(l + m) + 1 = 1 which is satisfied by l = −m. The form of the corresponding eigenvector implies that
For the eigenvalue e −iϕ , this implies that 2(l + m) + 1 = −1 which is satisfied by l = −m − 1. The form of the corresponding eigenvector implies that
Considering these two possible values of l, the spin-charge interaction becomes
Unlike in a standard Fermi liquid, here there exists a time-reversal and rotationally invariant spin-charge interaction.
S3. Spin-spin interaction
Defining a 3D rotation matrix
and denoting the 3 × 3 spin-spin interaction matrix V l,l+2m IJ by V l,l+2m and the 3-component spin vector s I (p) by s(p), we can write the spin-spin interaction term (S23) as
By virtue of Eq. (S26), s(p) transforms under rotations as
Therefore, requiring R(ϕ)V ss R(ϕ)
This implies e i2(l+m)ϕ R
for arbitrary ϕ. Separating the 3 × 3 matrix into in-plane (x, y) and z components,
where V l,l+2m is a 2 × 2 matrix, V l,l+2m ,z is a 2 × 1 column vector, and V l,l+2m z, is a 1 × 2 row vector, condition (S44) translates into the four conditions
Beginning with the simplest condition, Eq. (S49) requires that l = −m, hence the zz part of the spin-spin interaction becomes 
which can only be satisfied if (V l,l+2m z,
Finally, Eq. (S46) can also be converted to an eigenvalue condition by expanding the 2 × 2 matrix V l,l+2m on the basis of Pauli matrices plus the identity matrix,
with α = 0, 1, 2, 3. The rotation matrix R ϕ can be written as R ϕ = σ 0 cos ϕ − iσ 2 sin ϕ, which gives the following transformation properties for the Pauli matrices,
Using this property, Eq. (S46) is equivalent to the following condition,
The σ 0 and σ 2 terms give the conditions
while the σ 1 and σ 3 terms give the condition
This is again an eigenvalue condition, but this time for the rotation matrix with angle 2ϕ which has eigenvalues e ±i2ϕ . This implies that l + m = ±1, or l = −m± 1. The eigenvectors, however, are the same as in Eq. (S36). For l = −m+ 1, we haveṼ
while for l = −m − 1, we haveṼ
The complete spin-spin interaction is therefore given by
which, upon substituting Eq. (S55), (S57), and (S58), yields
where we denote s I ≡ s I (p) and s
The first two terms correspond to an XXZ interaction, the third term to a Dzyaloshinskii-Moriya interaction which reflects the presence of spin-orbit coupling in the system, and the last two terms to anisotropic spin-spin interactions similar to those found in compass models, 2 but with a continuous rather than discrete symmetry. These terms are not invariant under separate spatial and spin rotations, but only under a simultaneous rotation in spin space and real space.
SIII. LANDAU PARAMETERS
Landau parameters are the real coefficients of Hermitian interaction terms. The charge-charge interaction (S31) is already in this form, but we wish to write the spin-charge interaction (S39) and the spin-spin interaction (S60) in this form as well. We first consider the spin-charge interaction. Splitting V −m,m+1 0x into real and imaginary parts,
V sc can be written as
where we have used the fact that e ±iθp =p x ± ip y , and we denoteẑ · (a × b) ≡ a × b for simplicity. For the spin-spin interaction, particle indistinguishability implies thatṼ into real and imaginary parts,
the spin-spin interaction can be written as
Considering the full interaction term V = V cc + V sc + V ss , for each m there are ten independent real coefficients, hence ten Landau parameters. We define one charge-charge Landau parameter f 
In terms of these Landau parameters, the interaction terms can be written as
for the charge-charge interaction,
for the spin-charge interaction, and
where the projected matrix elementV (p,p ′ ) is given in terms of the unprojected ones bȳ
where we used Eq. (S8). The quantity η † p σ µ ηp can be thought of as the expectation value of σ µ in the single-particle eigenstate atp on the Fermi surface. We have η † p σ 0 ηp = 1 which corresponds to a particle number of one, η † p σ 3 ηp = 0 which indicates that spin polarization on the Fermi surface is entirely in-plane, and η † p σ i ηp = ǫ ijpj , i, j = 1, 2, which indicates that spin is perpendicular to momentum everywhere on the Fermi surface, i.e., spin-momentum locking. Using the fact that V 0i (p,p ′ ) = V i0 (p ′ ,p), and the fact that the interaction (S80) must be symmetric underp ↔p ′ , we haveV
The V zz component of the spin-spin interaction does not enter since spins on the Fermi surface are entirely in-plane.
We can now read off V 00 (p,p ′ ), V 0i (p,p ′ ), and V ij (p,p ′ ) from the interaction terms (S75), (S76), and (S77), and their original definitions (S18), (S19), and (S20), respectively. We find
Substituting these expressions into Eq. (S82), we find
where the projected Landau parametersf l are given by Eq. (9) in the main text.
SIV. EQUILIBRIUM PROPERTIES OF HELICAL FERMI LIQUIDS
This section presents a detailed derivation of the physical properties of helical Fermi liquids from the projected Landau functional [Eq. (8) of the main text]. Rather than as the coefficients of terms in a second-quantized interaction Hamiltonian operator, we would really like to think off l as the coefficients in this functional,
where ǫ 0 p = v F p and we have explicitly added a chemical potential term µ. The (renormalized) quasiparticle energy ǫ p is given by the functional derivative of the Landau functional with respect to the quasiparticle distribution function,
It is important to note that v F is the renormalized Fermi velocity and not the bare (noninteracting) one, which is denoted by v 0 F .
S1. Specific heat
We first investigate the specific heat. The derivation we use closely follows the standard derivation for the specific heat in standard Fermi liquids.
1 The entropy density, s, is given by
where k B is Boltzmann's constant. The variation is the entropy density is given by
where T is the temperature. The variation in particle density can be written as
To lowest order in T , we have
where ρ(µ) is the density of states at the Fermi surface which is given by
For the noninteracting case we have ρ(µ) = µ/2πv 2 F . The specific heat is then
One then defines the electronic specific heat coefficient γ as the zero-temperature limit of c v /T ,
For the last step, we used Eq. (S88) for δǫ p . After integration over p ′ , only the l = 0 contribution remains and we have
Defining dimensionless projected Landau parametersF l as
we arrive at
Since the chemical potential µ is a scalar and does not depend on the direction of the magnetic field, its variation can be ignored when calculating the linear susceptibility. We now introduce a renormalized g-factor g i (p) that depends on quasiparticle momentum
Inserting Eq. (S108) into Eq. (S110), we find an integral equation for g i (p),
We note that integral equations also appear for a partially spin-polarized Fermi liquid. 3 The spin susceptibility is then
To make some progess in the interacting case, we assume a solution of the form
Only the l = 1 term will survive. The l = 1 cosine term can be written as cos θ pp ′ =p xp
After evaluating the angular integral in Eq. (S111), we find
Turning to the spin susceptibility given by Eq. (S112), we find
at zero temperature. We also find that χ ij vanishes for i = j, which can be explicity seen from Eq. (S112). This can be compared to the spin susceptibility of the noninteracting helical Fermi gas, which is derived using both helicities in Sec. SV.
S4. Pomeranchuk instabilities
In this section we investigate the stability of the Fermi surface. The distortion of the Fermi surface can be characterized by an angular dependent Fermi wavevector,
The change in energy is then
Here we have used that fact A * l = A −l since p F (θ) is real. The Fermi surface is stable against spontaneous distortions only if δĒ > 0, i.e., ifF l > −1 for all l. Let us discuss briefly the special case of the l = 2 Pomeranchuk instability, which corresponds to a nematic instability. 5 The l = 2 projected interaction is of the form
SV. SPIN SUSCEPTIBILITY OF THE NONINTERACTING HELICAL FERMI GAS
In this section we calculate the spin susceptibility of the noninteracting helical Fermi gas while taking both helicities into account (i.e., without projecting out the negative helicity part).
S1. Out-of-plane spin susceptibility
We first consider the out-of-plane susceptibility at zero temperature. We consider a free Dirac system with a Zeeman term, ignoring orbital effects of the magnetic field. (The combined effects of Zeeman and orbital couplings on the spin susceptibility were studied in Ref. 9.) Landau quantization is expected to dominate only at very low fields. Spefically the orbital contribution will dominate if
Experimental parameters for Bi 2 Se 3 , Sb 2 Te 3 , and Bi 2 Te 3 exposed to ambient conditions put this scale on the order of 10 −4 T, thus for those systems, the Zeeman effect will dominate under typical experimental conditions. 10 (When exposed to ambient conditions the Fermi velocity can decrease by two orders of magnitude, 11 which allows the Zeeman term to dominate down to very small fields.) The Hamiltonian of the system is given by
where c k = (c k↑ , c k↓ ) is a two-component Dirac spinor, and
We note that the out-of-plane Zeeman term is not diagonal in the helicity basis and thus cannot be captured by our theory. This Hamiltonian can be diagonalized exactly. The full Hamiltonian can be written as
The eigenenergies E χ (k) = χv 0 F k+O(B 2 ) do not change to linear order in out-of-plane field strength. The eigenvectors for a given chirality χ = ±1 are
We now calculate the expectation value of the Pauli matrices for a given chirality to lowest order in field strength. This expectation value is proportional to the magnetization. We find
Summing over momentum and chirality, we find
where n F (ǫ) = (e β(ǫ−µ) + 1) −1 is the Fermi function (evaluated at zero temperature β → ∞), and σ x = σ y = 0 due to the angular integral vanishing. We have also introduced a high-energy cutoff Λ. Evaluating the integrals, we find
where ρ(ǫ) = |ǫ|/2π(v 0 F ) 2 is the density of states of the helical Fermi gas. This corresponds to an out-of-plane susceptibility
In the limit that ǫ F → Λ, the out-of-plane spin susceptibility vanishes in agreement with the projected helical Fermi theory.
S2. In-plane spin susceptibility
In this section we consider the in-plane susceptibility. We take the in-plane magnetic field to be in the x-direction without loss of generality due to SO(2) rotation symmetry. The Hamiltonian we consider is
(S138)
The energy of an eigenstate of given chirality to linear order in field strength is
and the eigenstate of a given chirality is
We now calculate the expectation values of the Pauli matrices. We find to linear order in field strength
Summing over momentum and chirality we find
Simplifying the equation by using the fact that
2 ) is always one for a large Fermi energy ǫ F , we find
Performing the integration, we find
which gives for the susceptibility
This agrees with the result obtained from our projected helical Fermi liquid theory [Eq. (S115) withF
and mode expand δn(p, r, t) and δΩ(p, r, t) as
The total density and energy fluctuations are then δn(r, t) = 2πB 0 (r, t), δǫ(r, t) = 2πv F C 0 (r, t).
We note that the energy and density fluctuations are related by the equation of state. To linear order, we have δǫ(r, t) = ∂f 0 (n 0 ) ∂n 0 δn(r, t) = µδn(r, t),
where f 0 = 4 3 π 1/2 n 3/2 is the equation of state in the noninteracting limit. Upon linearizing Eq. (S150) we obtain
and
Here we have used δP = n ∂n/∂µ δn, which is valid since the system is in local thermodynamic equilibrium, and
which follows from Eq. (S101) for the compressibility. Linearizing Eq. (S153) gives
Taking the temporal derivative of Eq. (S163), the x-derivative of Eq. (S158) and the y-derivative of Eq. (S159), and substituting Eq. (S158) and (S159) into Eq. (S163), we obtain
Using Eq. (S157), we find the equation of motion for the density fluctuations to be
Thus the velocity of first/hydrodynamic sound in the presence of quasiparticle interactions is given by
and expand ν p as
We then have
Choosing a system of coordinates for p such that q ·p = q cos θ p , and defining the dimensionless variable s = ω/v F q, we obtain
We first consider the case thatF 0 only is nonzero. Integrating over both θ p and θ p ′ , we obtain the equation
where we define the dimensionless function
which is easily evaluated for the first few values l = 0, 1, 2, 
which is easily solved to give
where c 0 is the velocity of zero sound. A zero sound mode thus exists for all positive (repulsive) values ofF 0 . Because Ω 0 (s) is real only for s > 1, for an undamped mode one must restrict oneself to s > 1. Simple expressions can be obtained in the limits of strong and weak interaction,
We now consider turning on a nonzero value ofF 1 in addition to a positiveF 0 . One then obtains three coupled equations forν 0 ,ν 1 ,ν −1 , 1 +F 0 Ω 0 (s) ν 0 +F 1 Ω 1 (s)(ν 1 +ν −1 ) = 0, (S179)
1 +F 1 Ω 0 (s) −F 1 Ω 2 (s) (ν 1 −ν −1 ) = 0.
We see that the l = 0 modeν 0 and the symmetric combination of the l = ±1 modesν 1 +ν −1 are coupled by the first two equations, while the antisymmetric combinationν 1 −ν −1 decouples. The equation for the latter would also be found in a model with a pureF 1 interaction. Since we are primarily interested in the effects of a nonzeroF 1 interaction on the l = 0 mode found earlier, we will focus on the first two equations (S179)-(S180). The condition of a nontrivial solution forν 0 andν 1 +ν −1 gives
Consider negative values ofF 1 . One can show that Ω 0 (s) and 1 + 2s 2 Ω 0 (s) are negative for all s > 1. ForF 1 < 0, we have
The right-hand side of this expression becomes negative forF 1 < −1, implying that zero sound is destroyed for sufficiently attractive values ofF 1 . Given Eq. (11) in the main text, this can occur, for instance, due to sufficiently attractive microscopic l = 0 interactions in the spin channel, e.g., f
ss,1 0 sufficiently negative. The disappearance of zero sound due to sufficiently attractive interactions in the spin channel was also found in a microscopic study of the helical Fermi liquid.
12
S3. DeterminingF1 from first/zero sound As discussed in Sec. SIV S5, there is an operator identity that relates the electron velocity operator v e to the electron spin σ. This identity is valid in the presence of interactions, but only involves the noninteracting Fermi velocity v 0 F . Combined with the continuity equation ∂ t n q = −iqj L q where n q is the density operator and j L q =q · j q is the longitudinal current density operator, this yields the identity ∂ t n q = −iv 
where the right-hand side is now interpreted as a ratio of expectation values. In Ref. 12, the authors suggest generating a spin-density wave of momentum q and amplitude s T q with a spin grating. In the presence of a collective mode of frequency ω = c s q where c s is the sound velocity (c 1 or c 0 depending on whether one is in the hydrodynamic or collisionless regime), this will generate a long-lived density wave at momentum q whose amplitude n q can in principle be measured. Using Eq. (S184), the ratio of amplitudes of the original spin-density wave and induced density wave should be given by
Assuming for instance that one is in the hydrodynamic regime ωτ ≪ 1, one would get
such that the value ofF 1 can be extracted from a measurement of the amplitude ratio, assuming thatF 0 is known from heat capacity and electronic compressibility measurements, as explained in the main text. While the sound modes give a q-independent ratio of amplitudes, the spin plasmon mode 12 due to the unscreened Coulomb interaction gives a ratio s T q /n q ∝ 1/ √ q, which can in principle be used to discriminate between the two types of collective modes. * electronic address: maciejko@ualberta.ca 1 D. Pines 
